APPROXIMATION OF SUBHARMONIC 
FUNCTIONS 

I. Chyzhykov 

66" 

O '_ Faculty of Mechanics and Mathematics, 

Lviv National University, Lviv, Ukraine 

ichyzh@lviv.farlep.net 



O 
(N 



m 






> 

(N 



Abstract 



In certain classes of subharmonic functions u on C distinguished 
in terms of lower bounds for the Riesz measure of u, a sharp estimate 
^ , is obtained for the rate of approximation by functions of the form 

rj I log I /(z) I, where / is an entire function. The results complement and 

generalize those recently obtained by Yu. Lyubarskii and Eu. Malin- 
nikova. 



1 Introduction 

We use the standard notions of the subharmonic function theory fl]. Let us 
J/^ . introduce some notation. Let D^it) = {^ G C : |C — -^l < t}, -z G C, t > 0. For 

r^ ! a subharmonic function m in C we write B{r, u) = max{M(2;) : |z| = r}, r > 0, 

1^ \ and define the order p[u] by the equality p[u\ = limsup log5(r, u)/ logr. Let 

^Q ■ also fiu denote the Riesz measure associated with the subharmonic function u, 

O ■ m be the plane Lebesgue measure. The symbol C with indices stands for some 

positive constants. If m = log |/|, where / is an entire function with the zeros 

'k>( I {ofc}, then /i„ = ^nfc(5(z — Ofc), where Uk is the multiplicity of the zero a^, 

?—( ' ^ 

c^ ■ 6{z—ak) is the Dirac function concentrated at the point a^. However, the class 

of functions subharmonic in C is broader than those of the form log |/|, where 

/ is an entire function. Since it is often easier to construct a subharmonic 

function rather than an entire one with desired asymptotic properties, a 

natural problem arises of approximation of subharmonic functions by the 

logarithms of the moduli of entire functions. Apparently, V. S. Azarin [2] 

was the first to investigate this problem in the general form in the class 

of subharmonic in the plane functions and of finite order of growth. The 

results cited below have numerous applications in the function theory and 

the potential theory (see, e.g., [3-6]). 



In 1985 R. S. Yulmukhametov [7] obtained the following remarkable re- 
sult. For each function u subharmonic in C and of order p G (0, +cx3), and 
a > p there exist an entire function f and a set E^ C C such that 

|m(2;) -log|/(z)|| ^ C^logl^l, z ^ oo, z ^ E^, (1.1) 

and Ea can be covered by a family of disks Dz{tj), j G N, satisfying the 
estimate J2\z \>r^j ~ 0{Rp~"), {R — > +cxd). In the special case when a sub- 
harmonic function u is homogeneous log |z| in estimate (II. ip can be replaced 
by 0(1) IHIH]. An integral metric allows us to drop an exceptional set when 
we approximate subharmonic functions of finite order. Let || • ||g be the norm 
in the space L''(0,27r), 

O(logr), r -^ +00, p[u] < +oo, 

Q{r,u) = ^ 0(logr + \ogn{r,u)), r — * +oo, 

r ^ E, mes E < +oo, p[u] = +oo. 

A. A. Gol'dberg and M. O. Hirnyk have proved [9] that for an arbitrary 
subharmonic function u there exists an entire function / such that 

||M(re*^)-log|/(re^^)|||^ = Q(r,M), r > 0, q>0. 

From the recent result of Yu. Lyubarskii and Eu. Malinnikova [10] it follows 
that integrating of an approximation rate by the plane measure allows us 
to drop the assumption that a subharmonic function u is of finite order of 
growth and to obtain sharp estimates. 

Theorem A [lOj. Let u{z) be a subharmonic function in C. Then, for each 
q > 1/2, there exist Rq > and an entire function f such that 

\u{z) - log \ f {z)\\dm{z) <q log R, R > Rq. (1.2) 



|2|<-R 

An example constructed in [lO] shows that we cannot take g < 1/2 in 
estimate l \1.2\\ . In connection with Theorem A the following M. Sodin's 
question, which is a more precise form of Question 1 from [TTl p. 315], is 
known: 



Question. Given a subharmonic function u in C, do there exist an entire 
function f and a constant a G [0, 1) such that 

I \u{z)- log \f{z)\~ a log \z\\dm{z) = 0{R^) , R> Rq. (1.3) 

Remark 1. Question 1 from [TT], p. 315] corresponds to the case a = 0. The 
mentioned example from [10] implies the negative answer to this question. 



On the other hand, the restrictions onto the Riesz measure from below 
allow us to sharpen estimate p.2l) . 

Theorem B [10| . Let u{z) be a subharmonic in C function. If, for some 
Rq > and q > 1 

fiui{z ■■ R < \z\ ^ qR}) > 1, R>Ro, (1.4) 

then there exists an entire function f satisfying 

sup i?~^ / \u{z) — log \f{z)\\dm{z) < oo. 

R>0 J 

\z\<R 

In addition, for every e > there exists a set E^ C C such that 
limsupm({2; E E : \z\ < R})R^'^ < e 

R—>oo 

and 

u{z)-log\f{z)\=0{l), z^E,, z^oo. (1.5) 

As we can notice, there is a gap between the statements of Theorems A 
and B. The following question arises: how can one improve the estimate of 
the left hand side of (II. 2p . whenever (II. 4p fails to hold? The answer to this 
question is given by Theorem [H 

Let $ be the class of slowly varying functions ip'- [1; +oo) -^ (1, +oo) (in 
particular, tp{2r) ~ ip{r) for r -^ +oo). 

Theorem 1. Let u be a subharmonic in C function, fi = ^u- If for some 
^ G $ there exists a constant Ri satisfying the condition 

{\fR > Ri) : /i({2 : R<\z\^ RipiR)}) > 1, (1-6) 



then there exists an entire function f such that {R^ Ri) 

j \u{z)-\og\f{z)\\dm{z)=0{RHogij{R)). (1.7) 

\z\<R 

Corollary 1. In the conditions of Theorem^ for arbitrary £ > there exist 
K{e) > and a set Es C C such that 

hmsup^ — ^ — —<e (1.8) 

r— >oo r 

and 

|n(z)-log|/(z)|| ^K,\ogi,{\z\), z^E,. (1.9) 

The following example demonstrates that estimate f Il.Tp is exact in the 
class of subharmonic functions satisfying < \1M . This is indicated by Theo- 
rem [2l 

For v^ G $, let 



u{z) = u^{z) = - ^logll - - , (1.10) 



fc=i '^ 

where tq = 2, r^+i = r^ipirk)^ A; G NU {0}. Thus, /i„ satisfies condition (II. 6p 

with ipi^x) = f'^{x). 

Theorem 2. Let ip E ^ be such that ip{r) -^ +oo (r ^ +oo). There exists 
no entire function f for which 

f \u^{z) -log\fiz)\\dm{z) = o{RHog^{R)), i? ^ oo. 

\z\<R 

It follows from the proved Theorem 2' that the answer to the formulated 
above M. Sodin's question is negative. It was M. Hirnyk who pointed out 
the question as well as the fact that the negative answer follows from the 
example constructed above. 

Theorem 2'. Let a be an arbitrary positive continuous, defined on [l,+oo) 

function and a{t) -^ (t -^ oo), il){R) = exp< j^ -j^ dt >. There is no entire 

function f and constant a G [0, 1) for which 

/ \u^{z) —\og\f{z)\ — a\og\z\\dm{z) = oiR'^\ogip{R)], R^^oo. 

\z\<R 



Remark 2. The growth of the expression J^ -j^ dt for R -^ +00 is restricted 
only by the condition J^ ^ dt = o{\ogR). 

Remark 3. The author does not know whether it is possible to improve 
estimate Ol.Sp of the exceptional set for ( 11 .91) . In [T2j there are obtained the 
sharp estimates of the exceptional set outside of which relation (11.90 holds, 
for some class of subharmonic functions satisfying some additional restriction 
onto the Riesz measure. 

2 Proof of Theorem [1] 

2.1. Partition of measures 

It is appeared that in order to have a "good" approximation of a subharmonic 
function by the logarithm of the modulus of an entire function we need a 
"good" approximation of the corresponding Riesz measure by a discrete one. 
The only restriction on Riesz' measure, defined on the Borel sets in the plane, 
is finiteness on the compact sets. The following theorem on a partition of 
measures is the principal step in proofs of the theorems cited above. 

Theorem C. Let jjl he a measure in M^ with compact support, supp/i C 11, 
and /i(n) G N, where li is a square. Suppose, in addition, that for any line 
L parallel to either side of the square li, there is at most one point p e L 
such that 

< /i({p}) < 1 and /i(L \ {p}) = 0, (2.1) 

Then there exist a system of rectangles 11^ C 11 with sides parallel to the sides 
of n, and measures fik with the following properties: 

1) supp/ifc C Ilfc; 

2) /ifc(nfc) = I, Y^kf^k = /i; 

3) the interiors of the convex hulls of the supports of Hk are pairwise dis- 
joint] 

4) the ratio of length of the sides for rectangles Uk lies in the interval 

[1/3,3]; 

5) each point of the plane belongs to the interiors of at most 4 rectan- 
gles Uk. 



Theorem ICl was proved by R. S. Yulmukhametov [Zi Theorem 1] for ab- 
solutely continuous measures (i.e. v such that miE) = =^ '^(-S) = 0). In 
this case condition (12. ip holds automatically. As it is shown by D. Drasin [H 
Theorem 2.1], Yulmukhametov's proof works if we replace the condition of 
continuity by condition (12.11) . We can drop condition (12.11) rotating the initial 
square [4]. Though it is noted in [lO] that Theorem ICl is valid even without 
hypothesis ( 12. II) . the author does not know a proof of this fact. Moreover, 
proving Theorem 2.1 [4] (a variant of Theorem O) condition (12. ip is used es- 
sentially. In this connection one should mention a note by A.F. Grishin and 
S.V. Makarenko [13], where a two dimensional variant of Theorem ICl under 
the condition that the measure does not load lines parallel to the coordinate 
axes. 

Remark 4. In the proof of Theorem [C] [4] rectangles 11^ are obtained by 
partition of given rectangles, starting from 11, into smaller rectangles in the 
following way. Length of a smaller side of an initial rectangle coincides with 
length of a side of obtained rectangle, and length of the other side of obtained 
rectangle is not less than a third part and not greater than two third parts 
of length of the other side for the initial rectangle. Thus the following form 
of Theorem [Cj which will be used, holds. 

Theorem 3. Let ^ he a measure in M^ with compact support, supp/i C 11, 
yu(n) G 2N, where U is a rectangle with the ratio bo/ao = Iq & [l,+oo) of 
length oq, bo, (ao ^ &o) of the sides. If, in addition, condition (12. ip holds, 
then there exist a system of rectangles 11^ C 11 with sides parallel to the sides 
of n and measures Hk with the following properties: 

1) supp/ifc C Ilfc; 

2) /ifc(nfc) = 2, Y^ki^k = /i; 

3) the interiors of the convex hulls of the supports of jik are pairwise dis- 
joint; 

4) the ratio bk/ak of length aj., b^ (a^ ^ &fc) of the sides for the rectangle 
Hk lies in the interval [l,/o]; moreover, if Ik > 3, then aj. = flo! 

5) each point of the plane belongs to the interiors of at most 4 rectan- 
gles Ilfc. 



As it is noted in [3], the idea of partition into rectangles with mass 2 is 
due to A. F. Grishin. In order to apply Theorem [3] we need the following 
lemma (see also Lemma 2.4 |4].) 

Lemma 1. Let u be a locally finite measure in C. Then in any neighborhood 
of the origin there exists a point z' with the following properties: 

a) on each line L^ going through z' there is at most one point C,a such that 
^{{Ca}) > 0, moreover z/(L^ \ {Co}) = 0; 

b) on each circle Cp with center z' there exists at most one point Cp such 
that ^{{Cp}) > 0, moreover v{Cp \ {Cp}) = 0. 

We give a simple example for illustration. Let z/(z) = X]neN'^('^ ~ '^)- 
Then i/(M) = +oo. We can take any point of the disk {z : \z\ < 1} with an 
nonzero imaginary part as z' . 

Proof of Lemma 1. Let S„ = {z : 2" < \z\ ^ 2"+^}, n en, Bq = {z : 
\z\ ^2} and !/„ = z/| . Since z/ is a locally finite measure, z^nfC) = uJBn) < 

I JDn 

+00. There is an at most countable set (nk of points such that i^niiCnk}) > 0. 
Therefore the set Ei = [j^ U/ciCnfc} is at most countable. Given a pair of 
points from Ei we consider the straight line going through these points, 
and the middle perpendicular to the segment connecting these points. All 
these lines cover some set A C C, m{A) = 0. Let zi E C \ A. By our 
construction, an arbitrary straight line going through the point Zi contains 
at most one point with positive mass. The same is true for an arbitrary 
circle with center Zi. We define z/^ = z/„ — J2iy„({n)>o^n{{C})^c ip- ^ '^+)^ 
5c_{z) = 6{z — (). Then, for any z G C, we have i^'nii^}) = (n G Z+). Since 
the intersection of two different circles (straight lines) is empty or a point or 
two points, and z/„(C) < +oo, by countable additivity of Un, there exists at 
most countable set of circles and straight lines with positive z/^-measure. The 
union F„ of all these straight lines and centers of circles has zero area. If now 
z' G C\(AU|J^g2 F„), then for any n G Z+ the measure z/„ of any circle with 
center z' as well as that of a straight line going through z' is equal to zero. 
Hence, their z/-measure equals zero. Finally, by the countable additivity of 
the plane measure m{A U Unez -^") ~ fn{A) + X]n"^(-^") ~ 0. Thus, any 
point z' E {C\{AU Unez -^«)) '"' ^ where f/ is a given neighborhood of the 
origin has required properties. D 



Taking into account the proved lemma one may assume that properties 
a) and b) of Lemma 1 hold for the origin. We follow the scheme of the 
proof from pTO], assuming that ip{x) /" +cxd [x — > +cxd), because otherwise 
Theorem 1 is equivalent to Theorem B. Without loss of generality, one may 
assume that u{z) is harmonic in a neighborhood of 2; = 0. Otherwise, choose 
arbitrary a > such that n(a) ^ A^ ^ ra(a + 0) for some A^ G N and define 
the measure v to be equal /i in Do^a) and to contain the part /xL , , ^1 so 

that z/(Z)o(a)) = N. Then /i — z/ = in -Do(a) and, instead of u, we consider 
the function u{z) = u{z) — /^log \z — (\ du{(), and the quantity Jj^logl^; — 
CI dulO —Nlog \z\ is bounded whenever z — »• +cxo. Therefore, without loss of 
generality we assume that Rq = sup{r > : supp fiDDo^r) = 0} > 1. Define 
^i(i?) = R^{R), ^„(i?) = ^i(^„_i(i?)) for neN, ^o(^) = R,R>1. We 
define by induction measures /i^f , j G {1,2,3}, and a sequence (-Rfc), k eN. 
Suppose that /i^ is already defined for / < k, and Ri for / ^ k. Let 



K— 1 

Q, = {C G C : i?, ^ ICK *i(^fe)}, /^^ = (/" - E(/^r + /^f + /^, 



fc-i 

i 



Qfe 



If f^^iQk) < 2, define /xl')(g.) = 0, fif^ = ^, , /xf ^ 0. If /i^(Qfc) ^ 2, 
represent /x^ as the sum /i^ + /i^ , so that /x^ (Qfc) = 2[/i^(Qfc)/2], where 
[a] denotes the integer part of a. If /x^ (Qfc) ^ 1, we define //^ (Qfc) = and 
Rk+i = \l/i(-Rfc)- Otherwise, let 

Rk+i = mi{R > Rk : f^{{^i{Rk) < \z\ ^ R}) ^ l}, 

and by fi\. we mean the sum of the restriction of /i onto {( : \l/i(-Rjfc) < |C| < 
-Rfc+i} and /i, where /i is the part of the restriction /iL^,^, ^ , such that 

/i^ (C) = 1. By the construction, we have for all k E N: 

1) supp/i^^^ C Qk, f^k\Qk) e 2Z+; 

2) ^i(i?fe) ^ i?fe+i ^ ^2iRk); 

3) supp (/if + /xf ) C {C : i?fc ^ Id ^ Rk+ih 

4) 1 ^ (/i?^ +/if )({C : Rk ^ ICI ^ Rk+i}) ^ 2. 



Let /i(i) = Et=if^f\ /^^'^ = E,t"(/^f + /^f )• From properties 3) and 
4) it follows that fi^^\Do{R)) = 0{logR) {R -> +00), therefore U2{z) = 
J^ log|l — 1| (i/i(^)((^) is a subharmonic function in C. Let Ui{z) = u{z)—U2{z). 

Then fiui = fJ'^^^ ■ We will approximate Ui and M2 separately. It suffices to 
prove that 

In= [ \u{z)-\og\f{z)\\dm{z) = 0{riog^{2'')), n ^ +00. 

2"<|^|<2"+i 



Indeed, let R G [2",2"+i). Then from ^^ it follows that 



(2.2) 



/ \u{z)-hg\f{z)\\dm{z) E / \uiz)-\og\f{z)\\dm{z) + 0{l) 



\z\<R 



^ 



i?2 

n 

CiE4MogV^(2* 

A:=0 



< 



fe=02fe<|2|<2''+i 



^4Cilog^(2" 



2.2. Approximation of W2 (2;] 



By the construction, j^^^^^C) = +00. Define T„ = sup{i? > : fi^^'^ {Do{R)) ^ 
5n}, ^„ = {C : T„ ^ |C| ^ T„+i}. Let (A^, /i„) be a partition of the measure 
/x^^) such that /i(^) = Ylt=if^k, supp/i„ C y4„, /i„(A„) = 5. Define r„ by 
the equalities logr„ = | Xi log|CM/^n(C)) n & N, and consider the formal 

product 

+00 p. 



,(i) 



From property 4) of the measures /x^ it follows that 

^i(T„) ^ T„+i ^ ^6(T„). (2.3) 

Since r„+i/r„_i ^ T„_|_i/T„ ^ "ipiTn) -^ +00 (ra ^ +00), the function /2 is 



entire. Let 



4(2;) = / (^log 
log 



1- 


z 


- log 


1- 







(. 




Tk 


1- 


c 


-log 


1- 


rk 

z 



dfikiC) 
df^kiO- 



(2.4) 



Ak 



Here we make use the choice of r^. Fix n G N, and let 2" G [T^, T/v+i). Then 

iov k ^ N + 2 and C G A^ we have |C| ^ Tk ^ |z|Tfc/TAr+i, r^ ^ |2;|Tfc/TAr+i, 
consequently |log|l — ||| ^ 2|z|/|^|, |log|l — ^|| ^2\z\/rk. Therefore, 



rk 



5^ \d,{z)\dm{z)^ J Yl 20^dm{, 

Tn+1 



^c. 



"T, 



Af+2 



-4" = o(4"), n^oo. 



(2.5) 



Similarly, |4(^)| ^ 20Tfc+i2-" for A; ^ A^ - 2. Using ((231), we obtain 



N-2 



Y,\dk{z)\dm{z)^o{A-) 



n -^ oo. 



(2.6) 



2"^|2|^2"+i 
/2"^|2|<2' 



A;=l 



Estimate J2^<\z\<2"+^ Mfc(-2)| dm{z) for A; G {A^ — 1, A^, A^ + 1}. By the defini- 
tion, 



\dN+i{z)\ dm{z) 



2"<|2|<2"+i 



log 



2"^|z|<2"+i An+1 



-? 



log 



z 



rN+1 



dfiN+iiC) 



dm{z). 



If Id ^ 2|z|, C G Aat+i, we have |log|l 



^ log 2. Otherwise, 



Tn+1 ^ I CI < 2 1 2; I < 2"+^ ^ 4T/V+1. Therefore, applying Fubini's theorem 



10 



and changing the variables, T^+it] = C, T^+iC = z, we obtain 



/ / 



log 



c 



dnN+i{C)dm{z) 

J 



^2 / dm{z) + 
= 0(4") 

n2 
■7V+1 



l0£ 



1- 



d^iN+i{C,)dm{z) 



, ^2 



log 






(im(^) dfiN+i(TN+ir]) 



K|»7|s;4 2"/Tiv+i^|5|<2"+VTiv+i 



0(4") +0(4") 



log 



1- 



dm{^)d^N+i{TN+iV)- (2.7) 



KhK4 |?|^2 

However, elementary calculations demonstrate that for 1 ^ r/ ^ 4 we have 



log 



1- 



r/ 



rfm(0 ^ 0-3 



I^K2 



Taking into account that /iAr+i(C) = 2, from (12 .Tp we deduce 



loe 



2"^|z|^2"+i Ajv+i 



-? 



t//i7v+i(C) dm{z) = 0(4"), n -^ +oo. (2.8) 



Similarly, for r^+i ^ 2"+^ ^ 2|z| we have |log|l — 2;/riv+i|| ^ log 2, other- 
wise, T/v+i ^ Tiv+i < 2"+^, and consequently (Tat+i,^ = z), 



log 



1- 



2"<|^|<2"+i 



rN+1 


dm{z) 






4« 


1 


log 


1- 





1/2=51510 



dm{i) ) = 0(4"), n -^ +00. 

(2.9) 



11 



Now, we are going to estimate the integral of |(i7v(-2)| over the annulus {2" ^ 

\z\ ^ 2"+-^}. For (p{x) = x/i/j{x) we have 



log 



^-c 



dm{z) dfi^iC) 



An 2"<|2|<2"+i 



^ 



log 



z-C 






r]vs;|C|sS2"-i 2"+2^|c|s:Tiv+i 2"^|2|<:2"+i 
In,i + In,2 + In,3 + Ina- 



c 

log 



dm{z) dfiN{() 

z-C 



c 



dm{z) djj,]\[{() 



Integrating by parts and taking into account the relationship (p{x) = o{x) 
(x -^ +00), we obtain 



^NA 



^(ICI) 



ICI 



2tt / log — s ds ] dfi]\f{() 

2"-i<|CK2"+2 



2n 

2"-i^|C|<2"+2 

(7r + o(l)) 



V^^(ICI) 



vdCI) 

l0g^(|CI)+ / sds)dflNiO 



V\\C\) log^(ICI) dfi^iC) = 0(4"), n ^ +00; 



2"-i^|C|<2"+2 



Im 9. ^ 



ICI 

^°g ~7i7i\ ^"^(^) ^/^"(C) 

v^(ICI) 



2"-i^|C|<2"+2 2"<|z|^2"+i 

^ logV^(2"+^)4"+V/iiv({2"~^ ^ Id ^ 2"+'}) = 0(4" log ^(2")), 



n -^ +00. 



12 



In the expressions for /ats and 1^,4 the relationships between ( and z yield 
respectively 



log 



log 



^-c 



2n+l ^ rp_ 



^ log ^ 

^iogv^(rjv) + o(i), 



^^wfl + 2^^+^ 



T, 



Af 



^-c 



c 



^ 2 



^ 1. 



Therefore, Jats + J7v,4 = 0(4"log'?/'(2")) (n — > +oo). In a similar way one 
can obtain the estimate 



log 



1-A 



dm{z) = 0(4" log ^^(2^^)), n -^ +oo. 



2"<|2|<2"+i 



Combining the estimates for I^j, j G {1, • • • ,4}, and the latter inequality, 
we obtain 

f |djv(^)Mm(2) = 0(4"log^(2")), n-^+oo. (2.10) 

From definition (12.41) it follows that 



\dN-i{z)\ dm{z) 

2"<|z|^2"+i 

< / / h°^ 

2"<|2|^2"+i Ajv-i 



Z 



-log 



1- 



'^AT-l 



Z 



(i/iAr_i(C) dm{z). 



13 



Analogously as the integral of di<^^i{z) was estimated, for \(\ ^ 1-^1/2, C ^ 
Ai^_i we have | log|l — z/(\\ ^ log 2, therefore 



/ / 



log 



1 - 



c 



z 



dfJ'N-iiC) dm{z) 



2"^|z|i;2"+i An-1 



log 



log 



z 

c 



Tjv/2^|Cl^rjv2"^lzK2"+i 



^T, 



N 



I I 



1 - 



log 



dfiN -liC) dm{z) + OiA"") 
rfm(2)t//ijv-i(C) + 0(4") 

dm{TNi) df^N-iiT^v) + 0(4" 



-I 



0(T2) + 0(4")=0(4"), n^+oo. 



Finally, from (I2.8p - (l2.10p and the latter relationship we obtain 

f |m2(^)- log 1/2(^)11 (^m(;2) = 0(4'^logV'(2")), n-^+00. (2.11) 



2"<|2|^2"^ 



2.3. Approximation of the function ^1(2;). 



{( : Rk ^ Id ^ Rk^PiRk)}, supp/ii'^ C Qk, 
Pk = logQk = {s = a + it -AogRk <a ^ logi?fe + log V'(i?fc), ^ t < 27r}. 



Let us recall that Qk 

fi^k\Qk) e 2Z+. Let 



Denote by Ik the ratio of the larger side of the rectangle Pk to the smaller 
one. For fc ^ fco we have Ik = log^(i?A:)/(27r) > 1. We consider the measure 
/x^ . If fJ-k {{p}) ^ 2 at some point p, we subtract from this measure the 
measure jl\. which is equal to 2[/i^ ^({p})/2] at every such p. The measure 
/i*^^^ = J2k JA i^ discrete, integer- valued, and finite on the compacta in C. 
By the Weierstrass theorem, there exists an entire function /s with zeros of 
the corresponding multiplicity on the support of the measure fi'^^\ which is 
the union of at most countable set of isolated points. We have lJi\og\f^\ = i^^^^ ■ 

satisfies the condition 



For every fc G N the measure fi^ 



/^l^^-/i«| 
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/i^dp}) < 2 at every point p G Qk- According to the choice of the origin, on 
the rays emanating from it as well as on the circles centered at the origin, 
there is at most one point p such that < ^''{{p}) < 2, and at the same time 
the n^-uieasuve of the remaining part of either ray or circle equals zero. Under 
these conditions, the measures u'' defined by the conditions df^^s) = dfi''{e^), 
s G Pfc, (i. e. u^{S) = /i*'(expS') for every Borel set 5), satisfy the conditions 
of Theorem [3] with 11 = P^, A; G N. Applying this theorem, we obtain a 
system of rectangles Pkm and measures z/^m, 1 ^ "^ ^ A^fc, respectively. We 
have I'kmiPkm) = 2, every point s G {s : ^ |Ims| ^ 27r} belongs to 
the interiors of at most four rectangles Pkm- Enumerate {Pkm,^km) by the 
natural numbers, in arbitrary way. As the result, we obtain (P^''\ u^'''>) with 
iyik)(^pik)^ — 2^ suppz/'^'^) C p('^); then also the rest of properties from the 



formulation of Theorem [3] holds, 
system of equations 



Let ui 



(1) ,,(2) 



UJ^ 



be the solutions of the 






(-PV + (-PV 



UJ 



diy'^'\u), 



p(i) 



uj^du^^Huj) 



p(l) 



(2.12) 



and 



uji = - I ujdu^^\uj] 
p(i) 



(2.13) 



the center of mass of P^^\ I G N. From f l2T2D we find Jj^^ + ujf^ = 2uJi 



iu^diy^'\uj) = (iul'^y + i2uJi - iui'^y = 2iuji'^ - uJi)^ + 2ujf. 



p(0 



Therefore, taking into account (I2.13p . we obtain (j G {1,2}) 



\UJl — UJi\ 



^ /u;W')(.;)-.;/ 



p{0 



.U - Ui 



du^^\u) ' ^diamP(') = di. 



p(i) 
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Since toi G P^''\ we obtain 



sup \uj — LUi \ ^ 2di, jG {1,2}, sup \iu — uji\ ^ di. 



(2.14) 



-? 



^log 



Let C/^) = exp{..J^)} 

= 5Z / (log|l-^e-"|-^log 

' p(0 



.(1) 



^log 



.(2) 



rf/iW(C) 



,(1) 



1 - ze-'^i 



log 

2 ^ 



,(2) 



1 - ze^'^i 



rfz/«(cu) 
2.15) 



In the assumption that series (12.151) absolutely converges, we have to prove 
that 

f 1^(^)1 dm(z) =0(4" log V'(2")). 

Let £+ be the set of Is for which Q(^) C Do{2''-^), and £" for 
which Q(') C {z : 1^1 > 2"+^}, £0 = N \ (£- U £+). Denote 
L(cj) = log(l - ze"^). For / G £" U £+, cu G P('), 2" ^ j^] ^ 
2"+^, the function L{uj) is analytic. We will need the following equali- 
ties 



,(1) 



L{u) - L{ujI'') = / L\s) ds 



„(i) 



,(1) 



L'{ui){uj-ul'')+ / L"(s)(cu-s)rfs 



,(1) 



+ h"{ui){u - uiy + i /" L'"{s){uj - s)2 ds. (2.16) 



,(1) 
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Using the first equality f l2.16p . we obtain 



\M^) 



Re 



Lico) - L{J^^) - \{L{uf^) - L{uf^)) dv^^\u) 



p(i) 



,(2) 



< 



< 



/ 


/ ' ds 


J 


J e' -z 


PW J^) 


1 


,eP(0 le'^ - z\ 


3di\z 


inf 


,6P(0 e' - z ' 



du^Hu^) + \j 



-ds 



du^'\u) 



P(i) ^(1) 



(|c.-..«| + l|c.p)-c.f)|)rf.«(,) 



p(0 



(2.17) 



Let I E C~ . The rectangle P*^'^ is of the form {s = a + it : af ^ a ^ a'^,0 ^ 
t^ ^ t ^ f^ ^ 2n}, i.e. the lengths of its sides are equal to a^ — a[ and 
t^ — t^ . Let A/ be the ratio of the maximal of these numbers to the minimal 
one {Xi ^ 1). According to condition 4) of the statement of Theorem [3l 

27rA/. First, we estimate 



cr. 



for A/ > 3 we have ff — t^ = 27r, a^ 
\/^i{z)\ for which A, > 3. Then di = 271^/1 + Xf ^ 21ogV'(e''r), because 
logPfc < af < 0-+ ^ log-Rfc + logV'(-Rfc) for some k e N. From (l2TT7ll it 
follows that 



gRe s ^a^ 

inf le'' — zl ^ inf ^ — 

sePW s€PW 2 2 



leC- 



But 



e-' ds = e-^i (1 - e-^i -^"^ ) ^ e'^i /2. 



Therefore 



fir/ 1^1 /" 

|A,(2)| ^ — ^ ^ 2A\z\ / e"'"log^(e'")rfa. (2.18) 

Since ^(a;) is slowly varying, so is log?/'(x), and consequently 

logV(a;2'='^^) ^ (l + e)logV'(x2'=) ^ (l+£)'^+MogV^(x), £ > 0, a; ^ x^. 
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Applying the obtained estimates and the fact that every point s belongs to 
the interiors of at most 4 of P'^'-'s, from (12.18p we obtain 



+00 
^ |Ai(^)| ^241^1 f e-'' log ijie") da 



Az>3 



log2"+l 
log2"+2+'= 



^24|z|^ / e-" log ipie") da 



< 



24WE 



log2"+i+* 

log^(2 



n+k+2) 



k=0 



2n+k+2 



+00 



1 + 5)^+2 log ^(2" 



^24Nlog^(2")$^i-^^^96 



fc=0 



1-e 



(2.19) 



Using the first equation from (12 .12^ , it is not difficult to obtain the following 
representation for A^: 



M^) = J (log 

p(i) 



.,(1) 



.(2) 



log 

2 ^ 



e'^i 



log 

2 ^ 



e '"i 



1-- log 1 - ] rfz/(')(cu). 

(2.20) 

We use (12.201) for the estimate of A/ for / G £^ with A; > 3. For the analytic 
function ^2(0;) = log (l — ^) and z G P*^'\ / G £"*" relationships (I2.16p hold 
with L = L2. Therefore, similarly to (12.171) . we obtain the estimate 



|Az(^)l ^ 



3d, 



inf 1 1 — ze 

sepW 



\z\ 



Whence, using the estimate di ^ log^(2" ^) (/ G £+), we deduce 



Y.\\{z)\^C, 



log ^(2 



n-l^ 



1&C+ 
A,>3 



Ai>3'^i 



Y^ e^da 



^AC- 



log ^(2 



n-l> 



log 2" 



/" e"(ia^C4log^(2"-i). (2.21) 



logfii 
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For / G C^ U £~, it remains to estimate A; for which 1 ^ A/ ^ 3. Then 
d^ X m{P^^^), in particular, di ^ Qn. In this case, following [10] and using 
the second equality from fl2.16p . we obtain 



Mz) = Re I (^{uj - c.J^))L'(a;«) - h'iJ, 
P(i) 



//,{l)w, ,(2) ,,(1) 



)(^r-^r) 



,(2) 



I L"{s){uj -s)ds-^ f L"(s)(cup^ - s) dJ\ du^\uj) 
..,(1) ,.,(1) 



Re<^ -z 



e [uj — s] 



e" - z) 



dsdv^^Huj) 



PW ^(1) 



.,(2) 



z 
+ 2 



,(2) 



e^iul^'-s) 



ie' - z 



dsdv^^\ 



u) 



^(" o.'^' 



Whence, 



|Ai(z)| ^ Qd^\z\ sup 



ie' - zY 



If / G £^, we have je'' — z\ ^ kl/2 and from (12.221) we obtain 
|A;(z)| ^ 24^2 £!L ^ ^ ffe^dadt. 

p(0 



Applying (12.231) . we deduce 



a 



^ |Ai(^)| ^yJJ2 e'^dadt 






< 



4C4 



Ai=S3 

27r log2"-2 



p(0 



e" da dt ^ 



87rC42"-2 



(2.22) 



(2.23) 



0(1). (2.24) 



log _Ri 

Now, let I E C^ , then |e* — z\ ^ e'^/S, and therefore, from (12.22p we obtain 

\Ai{z)\ ^ 24d^\z\e-''^ < Cgl^l // e'" dadt, 

pw 
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oo 

Y^ \Ai{z)\ ^ SnK^lzl f e-'' da = 8n\z\2-''-^ ^ Ce 



l£C ,A;^3 log 2"+i 



Taking into account (12.19^ . (I2.2ip . (12.24p and the latter estimate, we obtain 

Y, |AKz)KC7log^(2"+i). (2.25) 

lec+uc- 

Now, let / G £°, i. e. g« n G„ ^ 0, where G„ = {;z : 2"-2 ^ j^] ^ 
2""*"^}. Among / G £°, there are at most 8 such that A^ > 
3. Indeed, for such / we have Q'-''' = {z : e°'i ^ \z\ ^ 
e''^} and a^^ - af > Gtt, therefore, e"^ - e"^ ^ 2"-i(l - e"^^). 
Since the interiors of these Q*^'-* form at most 4-fold cover, for ev- 
ery /, excepting at most 4, we have e'^* ^ 2"~^, and, excepting at 
most 8, e'^i ^ e^''2"~^ > 2"+^, i.e. the intersection with G„ is 
empty. 

We denote this exceptional set of indices / by £°. We have to es- 
timate J^JAi{z)\dm{z) for / G /:°- If ICI ^ 3 ■ 2" (C G Q^'), z G 
G„), then" |log|l - ||| ^ 2|2|/|C| ^ 3. Otherwise, we have |C| ^ 
3-2", 



Oc(2") 



log 


1- 


2; 


dm{z) 








-J 




log 


2" 


+ 


log 


c 

2" 



^C(2") 



dm{z) 



^ 2n log — r(ir+ sup log 



^7rV-^ + C8logV'(2")-4". 



C2- 



7r2 



2n 



(2.26) 
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Thus, 



E 



log 



G„ '■^^ Q(l) 



Z 
1 - - 

c 



^ 



E 



d^^%0 



+ 



dm{z) 



log 



Wn{|C|>3-2"} Q«n{|CK3-2"} G„ 



-^ 



(im(z)d/i(')(C) 



^ ^ f 3 • 2m(G„ 



+ 



/ (/ 



log 



dm{z) 



QWn{|C|<3-2"} D<;{2") 
+ 

Gn\D<;(2") 



loe 



1- - 

c 



dm{z)]dii^^\C) 



^ / / 

Q(0n{|C|s;3-2"}G„\D^(2") 

^ir94"log^(2"). 



log^^rfm(^)d/i«(C) 



(2.27) 



For / G £° \ £° we have A; ^ 3, i.e. all the corresponding P^^'^s are "almost 
squares"; therefore, we can apply the arguments from [IHl e.-g.] For Di = 
diamQ'-'-', under the condition distj^;, Q*-'^} > 4D«, using the last equality 
from (12.16p . similarly as (I2.22P we obtain 



|A/(^) 



co-sfdsdu^'\u;) 



-Re z e —' 

2 J J (e^-z)3 

.,(1) 



€ 



Df 



< 



(2.28) 
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Whence 



f J2 \Mz)\dm{z)^ J2 f\Mz)\dm{z) 



Zg£0,A,<3 



«e£0,A,s;3G^ 



+ 



|Ai(z)|rfm(2;) 



.(1) 



(i)i 



G„n{\z-t:l'>\>3Di} \z-(:l''\^3Di 



Df 



G„n{|^-Cp'|>3A} 

+ 



k-C^'^ 



jy- t/m(2;) 



|Ai(2;)|(im(z; 



I^-C/'^KSA 



For the first sum from fl2.29p we have 



iG£0,A,^3 



{|2-C,'''|>3A}nG„ 



k-C 



(l)l 



din{z) 



< 



E A'2- / > 



dt 



Ze£0,A;^3 



3A 



/G£0,A,^3 ie£0,A,<3 



(2.29) 



(2.30) 



It remains to estimate I _('(i)|<3n I^K-^)I dm{z). From the definition of A(z) 



i^~cr i<3A 



(2): 



and the equality log \Q \ + log \Q \ = J^^i^ log |C| dfi^''\() we deduce 



\A,(z) 



log 



c-^ 



3D/ 



-log 
2 ^ 



Q(': 



e^-. 



3A 



-log 
2 ^ 



cP^-^ 



3A 



rf/x«(C). 



qw 
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Thus, 



/ \Ai{z)\dm{z) 



|^-Cp^K3Di 



^ 



l0£ 



c-^ 



3D, 



1 
+ 2 



log 



e^-z 



3D, 



Q« k-Cp'l^3A 



+ 



log 



Cf^-. 



3D/ 



rfm(2) )V)(C) 



+ / lo? 



c-^ 



3A 



rfm(z) V'HC) 



/on 
log— 7-T rfm(z 
\cr - z\ 



k-cp'i<A 



+ 



+ 



\z-d'>\^3Di |2-Cr'l>3A 



log 



cp)-. 



3D, 



dm{z) 



|2-Ci'''K3A 



D, 



< 



j (j\og^-^TdT+{3Dif'n\og3\ rf/^«(C) 



Q(0 
D, 



/on 
log ^rrfr + 7r(3A)'log3 



^ 9(37rlog3 + l)Df ^ C'ii"^(Q^'^)- 
From the latter inequality and (I2.29P we obtain 



i^ ,czro\ro ipro\ro 



G„ 'e^°\^2 



ieco\co 



Applying the latter inequality and f l2.25p completes the proof of Theorem 1. 
Using Chebyshev's inequality, from (12 .2^ one can easily obtain Corollary 1. 
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3 Proof of Theorem 2' 

Suppose that o satisfies the conditions of the theorem. Without loss of gener- 
ahty, one may assume that ^(r) = exp| J^*^ ^ dt\ is unbounded. Obviously, 
V" G $. Let u^ be defined by formula f ll.lOp with y? = V^, V^ G $. Suppose 
that there exists an entire function / and a constant a G [0, 1) satisfying the 
condition 

/ \u^{z) -\o<g\f{z)\- a\o<g\z\\dm{z) 

\z\<R 

<ER^\og^{R), R^Re, (3.1) 

for arbitrary e > 0. Without loss of generality, one may assume that /(O) ^ 0. 
Separating from m^ the term |log|l — z/ri\^ the case a G [1/2,1) can be 
reduced to the case a G [0,1/2). Therefore, we consider the latter one in 
details. Define the counting Nevanlinna characteristics of the Riesz masses 
u^ and /: 



where n{r, f) is the number of zeros of / in Dq^t). By the Jensen formula 
[H, Chapter 3.9], we have 



2tt 



i- [{u^re^') - log \f{re'')\ - alogr) dO 

N{r, u^) - N{r, f) - ahgr - log |/(0)|. 



27r 
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li R^ Re taking into account slow varying of logipiR) we obtain 

2R 

N(r,u^) — N{r, f) — alogr — log |/(0)||r (ir 

R 

2R 2-K 

^ / — / \i^ipij'e'^) -^og\f{re^^)\ - a\ogr\ dOrdr 

R 

^7^ / WA^) -'^og \f{z)\- a log \z\\dm{z) 

\z\^2R 

< ^{2Rf\og^{2R) < ^^^^^i?2log7/;(i?). 

ZTT vr 

This implies that on [R, 2R] there exists r* such that for e G (0, 1/2) 

\N{r\u^)-N{r*J)-a\ogr*\ ^ MLtfl iogV;(r*) < £logV^(r*). (3.2) 
We are going to derive from ()3.2p the relationship 

|n(r,M^) -n(r, /) -a| ^ -, r ^ +oo. (3.3) 

Assume the contrary. If (13. 3p fails to hold, then there exists a sequence (r^), 
Tfc — > +00 [k — > +oo), such that either i) nijk.u^) — nijk, f) — a> 1/2 or 
ii) n{Tk, f) — nijk, u^) + a > 1/2 {k -^ +oo). Consider case i). For arbitrary 
t G [ffc, Tfc], where ffc^(ffc) = r^, we have n{t, u^)—n{Tk, u^) ^ —1/2, therefore 

n(t, u^) - n{t, f) -a^ n{Tk, u^) - n{Tk, f) - a + n{t, u^) - n{Tk, u^) > 0. 

Since n{t,u^) — nit, f) take the values equal to an integer multiple of 1/2, 
we have 

n{t,u^)-n{t,f)-a^ 1/2- a>0, te[h,Tk]. (3.4) 

Choose tk G [fk,2fk], Tk G [rfc/2,rj so that ((321) hold for r* G {tk,Tk}. 
Then, by the definition of the function N{r, ■), applying (13. 2p and (13. 4p . for 
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e e (0, 1/4 - a/2) we obtain 

e\og^lj{Tu) > \N{Tk,u^) ~ N{Tk, f) - a\ogTk\ 



n{t,u^) -n{t,f) -a 



^ , y, ^; w.. dt-\N{tk,u^)-N{tk,f)-a\ogtk\ 



k 



> (2 - ") log J^ - ^ logV^(tfc) 
= (--a-e) log ipitk) > e log ipiTk), k 



Therefore, case i) is impossible. Similarly, in case ii) we have n(t, f) — 
n{t,u^) + a > for t G [Tk,Tkip{Tk)], and consequently n(t, f) — n{t,u^) + 
a ^ P, where /? is a positive constant. Choosing tk G [rfc,2rfc], T^ e 
[rfc'0(rfc)/2,rfc'?/'(TA;)] satisfying (13. 2p instead of r*, and e G (0,/3/2), similarly 
as before, we obtain 

\N{Tk, f) - N{Tk,u^) + alogTkl 

Tk 

> I ''^^' ^^ ~ ""Z^' "^^ ^ " c^t - mu, f) - iVfa, t.^) + a log^l 

tfc 
^(/3-£)logV^(tfc). 

Therefore, case ii) is also impossible. Thus, (13. 3p holds. 

Let pk be the modulus of the k-th zero of / (the zeros are ordered by 
non-decreasing of their moduli). Since the jumps of n(t, f) take the natural 
values and the jumps of n(t, u^) the value |, relationship ( 13. 3p is possible only 
in the case when, starting from some ko G N, between every two immediate 
jump points pk ^ Pk+i of the function n{t,f), there are points r^jTm+i, in 
particular, pk < Pk+i- We first consider the case a = 0. Ii pk < ^2fc-i, 
then for r G {pk,r2k-i) we have n(r, /) — n{r,u^) ^ k — {2k — 2)/2 = 1. If 
Pk > r2k, then n{r,u^) - n{r, f) ^ 1 for r G {max{r2k, Pk-i}, Pk)- Therefore, 
^2A:-i ^ Pk ^ i^2k, Starting from some k ^ ki. Thus, 

nit,u^)-n{t,f) = {^\ ^^[^^'=-1'^'=), k^k,. 

t e [pk,r2k) 
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If Pfc e [r2k-i, y/r2k-ir2k], then choosing r^ G [pfc,2pfe], t^ G [r2k/'2,r2k\, for 
which (13.2p holds with r* G {^fe,^^}, we obtain 

N{tlJ)-Nitlu^) 



ds + N{rl,f)-N{rl,u^) 
^-\og^-e\og^irl)^ (- + o(l))fog ^ -£log7/^(r*) 

which contradicts to (13.21) . In the case p/c G [y^r^fc^r^r^, r2fc] we choose 
'^fc £ [^2fe-i5 2r2fc_i], tl G [pfc/2,pjt] satisfying (13. 2p . Taking into account that 
n{t,u^) — n(t, f) = 1/2 for t G [r^jt^], we again come to the contradiction 
with ( 13.21) . Consequently, in the case a = the theorem is proved. 

Now, let a G (0, 1/2). Relationship (13.31) is possible only if the expression 
under the modulus takes the values —a and | — a. Since r^ strictly increases, 
and the jump of n{r,u^) equals ^ for r = r^ and the jump n{r, f) equals 1 
for r = pfc, we see that Pk = r2k, k ^ k2. Then also 

n(t,n,)-n(t,/) = |°' J ^ j^^^' ^^^=+0' k ;, k2. (3.5) 

[2' * ^ [l^2k+l,r2k+2) 

Choosing t^ G [r2fc-i, 2r2fc-i], r^ G [r2/c/2,r2fc] satisfying (13^ . and taking into 
account (13.51) . as above, we come to a contradiction to (13. 2p . Therefore, there 
exists no entire function / with property (13. ip for arbitrary a G [0, 1/2), and 
consequently, for a G [0, 1). Theorem 2' is proved. 

The proof of Theorem 2 literally repeats that of Theorem 2' for a = 0, 
with the distinction that t/^ G $ is given by the condition of the theorem. I 
would like to thank to Professor O. Skaskiv who read the paper and made 
valuable suggestion as well as another participants of the Lviv inter-university 
seminar in the theory of analytic functions for valuable comments that al- 
lowed to improve the initial version of the paper. I am also indebted to the 
Institute of Mathematics at the Jagellonian University for their hospitality 
during my staying in Krakow in April 2002, where a part of this paper was 
written. 
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